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CONVEXITY OF CONSTANT MEAN CURVATURE GRAPHS IN Rn+1 WITH
PLANAR BOUNDARY
JOEL SPRUCK AND LIMING SUN
ABSTRACT. We study the Dirichlet problem for a graph Σ in Rn+1 with normalized con-
stant mean curvature H > 0 and planar boundary Γ = ∂Ω. Our main result is that the
optimal solvability condition, namely that the normalized mean curvature h of Γ satisfies
h ≥ H , also suffices when Ω is strictly convex, to prove the strict convexity of Σ.
1. INTRODUCTION
The study of convexity properties of elliptic pde’s in convex domains is a very classical
subject with a rich history. The bulk of the literature has focused on the question of the
convexity of level sets and there are fewer results on convexity, especially in geometric
problems. In this paper, we are interested in the geometric problem of when constant mean
curvature graphs in Rn+1 with planar boundary and (normalized) constant mean curvature
H > 0 defined over a strictly convex domain Ω are convex. That is, we consider the
Dirichlet problem,
1√
1 + |Du|2
(
δij − uiuj
1 + |Du|2
)
uij = nH in Ω ⊂ Rn(1.1)
u = 0 on Γ = ∂Ω
and we ask for conditions on Γ such that there is a unique strictly convex solution u.
Recently [14], the authors proved such a theorem for the translator equation for the
mean curvature flow via a continuity method using the constant rank theorem of Bian-
Guan [1]. A constant rank theorem states that the hessian (uij) of a convex solution u of
an elliptic partial differential equation must have constant rank. Thus a natural approach to
this problem is to use a continuity method to connect a given strictly convex domain Ω to
a canonical typically small nearly spherical domain U , where the solution is almost radial
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and strictly convex. This leaves us with the problem of showing that the rank of the hessian
of a smooth family of strictly convex solutions ut cannot drop at the boundary (or possibly
everywhere simultaneously) during the homotopy of the initial domain U to Ω. It is well
known [8], [18] that even the convexity of level sets fails in general and thus appropriate
conditions on Γ := ∂Ω are needed. Here we show that the optimal solvability condition for
the normalized mean curvature hΓ also suffices to prove the strict convexity. In particular,
Theorem 1.1. Let Ω be a strictly convex domain with C2+α boundary Γ having (normal-
ized) mean curvature h = hΓ satisfying h ≥ (1+ ε)H for some ε > 0 andH > 0 constant.
Then there is a unique solution u ∈ C2(Ω) of (1.1) which is strictly convex in Ω.
The limiting case ε = 0 can be handled by an approximation argument to obtain
Theorem 1.2. Let Ω be a strictly convex domain with C2 boundary Γ having (normalized)
mean curvature h = hΓ satisfying h ≥ H with H > 0 constant. Then there is a unique
solution u ∈ C2(Ω) ∩ C0(Ω) of (1.1) which is strictly convex in Ω.
An interesting feature of the proof is that we use the Simons’ identity and a fully non-
linear elliptic equation satisfied by the smallest principal curvature of the graph Σt =
graph(ut) = {(x, ut(x) : x ∈ Ωt} of solutions where Γt = ∂Ωt is a special analytic
foliation of Ω constructed using the mean curvature flow of Γ, to show that the rank of the
hessian of ut cannot drop.
2. EXISTENCE WITH ZERO BOUNDARY DATA
The Dirichlet problem for the (normalized) constant mean curvature H > 0 equation in
a domain Ω with zero boundary data on Γ := ∂Ω consists of solving:
1√
1 + |Du|2
(
δij − uiuj
1 + |Du|2
)
uij = nH in Ω(2.1)
u = 0 on Γ.
The solvability condition of Serrin [12] is too restrictive because he treats general bound-
ary data. For the benefit of the reader we sketch the well known proof [15] of existence
under relaxed boundary conditions. By the maximum principle, we always have the unique-
ness of solutions. We first prove the existence statement of Theorem 1.1.
Theorem 2.1. Assume that the (normalized) mean curvature h = hΓ of Γ ∈ C2+α satisfies
h ≥ (1 + ε)H for some ε > 0. Then there is a unique solution u ∈ C2+β , β ∈ (0, α) of
(1.1).
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Proof. A standard method of proof [5] is the continuity method, starting from the solution
u0 ≡ 0 for H = 0 and continuously deforming to the solution ut for tH until we reach the
desired solution u at t = 1. For this method to succeed we need only derive C1 estimates
[5] for the solution ut. Since the argument is the same for all values of t, we do them for
t = 1.
We use the well known identities [15]
∆Σu =
nH
W
(2.2)
∆Σ
1
W
+ |A|2 1
W
= 0,(2.3)
where ∆Σ is the Laplace-Beltrami operator on Σ = graph u, A is the second fundamental
form of Σ and 1
W
is the last component of the upward pointing unit normal
N =
(
− Du√
1 + |Du|2 ,
1√
1 + |Du|2
)
.
Using that |A|2 ≥ nH2, we see from (2.2), (2.3) thatHu+ 1
W
and 1
W
are superharmonic
in Ω. In particular,
(2.4) − 1
H
≤ u ≤ 0 in Ω
and both functions Hu + 1
W
, 1
W
achieve their minimum on Γ at a point P where |Du|
achieves its maximum.
Introduce a local orthonormal frame e1, . . . , en at P with en the exterior unit normal and
ek, k < n the principal curvature directions of Γ at P . Then un(P ) > 0, unn(P ) > 0 and
we have at P :
Dn(Hu+
1
W
)(P ) = Hun(P )− un(P )unn(P )
W 3(P )
≤ 0,
that is,
(2.5)
unn
W 3
(P ) ≥ H.
We also have at P ,
(2.6)
∑
k<n
ukk(P ) = (n− 1)un(P )h(P ) ≥ (n− 1)(1 + ε)Hun(P ),
by our assumption on Γ. Using (2.5), (2.6) in our equation (1.1) gives at P :
nH ≥ (n− 1)(1 + ε)Hun
W
(P ) +H,
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or
(1 + ε)
un
W
(P ) ≤ 1.
Thus,
(2.7) max
Ω
|∇u| ≤ 1√
2ε+ ε2
.
Therefore the estimates (2.4), (2.7) give the required apriori C1 estimate for u, which com-
pletes the proof. 
3. CONVEXITY OF CONSTANT MEAN CURVATURE GRAPHS WITH PLANAR BOUNDARY
In this section we prove the convexity of graphical solutions of the constant mean cur-
vature graph equation (1.1) in a C2+α strictly convex domain with zero boundary values
satisfying the solvability condition of Theorem 1.1.
For the graph of u, the induced metric gij , its inverse matrix g
ij , and its second funda-
mental form hij are given by, respectively,
gij = δij + uiuj, g
ij = δij − uiuj
W 2
and
hij =
uij
W
, W =
√
1 + |Du|2.
Moreover, the principal curvatures of the graph of u are the eigenvalues of the symmetric
matrix A[u] = (Aij):
(3.1) Aij = γ
ikukl
W
γlj,
where (γik) and its inverse matrix (γik) are given respectively, by
γik = δik − uiuk
W (1 +W )
, γik = δik +
uiuk
1 +W
.
Geometrically, (γik) is the square root of the metric, i.e., γikγkj = gij .
Let λ1 ≤ . . . ≤ λn and κ1 ≤ . . . ≤ κn be the ordered eigenvalues of D2u and A[u],
respectively. For any ξ = (ξ1, . . . , ξn) ∈ Rn, we have [6]
(3.2) uijξiξj = WAklγikγljξiξj =WAklξ
′
kξ
′
l,
where ξ′i = γikξk = ξi +
(ξ·Du)ui
1+W
. Note that
|ξ|2 ≤ |ξ′|2 = |ξ|2 + |ξ ·Du|2 ≤ W 2|ξ|2,
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where ξ′ = (ξ′1, . . . , ξ
′
n). If both D
2u and A[u] are positive semidefinite, it follows from
(3.2) and the minimax characterization of eigenvalues that
(3.3) Wκk ≤ λk ≤ W 3κk, 1 ≤ k ≤ n.
In particular κ1 vanishes if and only if λ1 vanishes.
Theorem 3.1. Let Ω be a strictly convex domain with Γ := ∂Ω ∈ C2+α satisfying hΓ ≥
(1 + ε)H for some ε > 0 and H > 0 constant. Then there exists a unique strictly convex
solution u of (1.1) in Ω.
Proof. Let Γt be a foliation of Ω by strictly convex domains with Γt := ∂Ωt analytic,
Γ0 = Γ so that as t tends to one, Γt shrinks to a point O and become asymptotically
spherical. Moreover assume hΓt ≥ (1 + ε)H . For example, we can let Γt be the mean
curvature flow of Γ. We reindex so that Γ1 = Γ and Γ0 = {O}. Then ht := hΓt satisfies
(see [7]):
∂ht
∂t
= ∆th+ |At|2ht.
It follows that minΓt h
t is strictly increasing in t, 0 ≤ t < 1 and so for t < 1, hΓt ≥
(1 + ε)H , that is, Γt satisfies the hypothesis of Theorem 2.1. Note that here we have
claimed the analyticity in space for smooth solutions of the mean curvature flow. One can
see this clearly in the stationary level set formulation [4] for this flow:(
δij − wiwj|∇w|2
)
wij = −1 in Ω(3.4)
w = 0 on Γ(3.5)
Γt = {x ∈ Ω : w(x) = t}.
Since |∇w| > 0 before Γt disappears at the unique pointO wherew achieves its maximum,
it follows that Γt is analytic for 0 < t < w(O) by the implicit function theorem, since w is
analytic and |∇w| > 0.
Hence by Theorem 2.1, there is a unique solution ut of (1.1) in Ωt, ut = 0 on Γt. More-
over since for t very small, Γt becomes spherical exponentially fast, ut is asymptotically
a small piece of a sphere of radius 1
H
centered at the origin, and therefore strictly convex.
Let T = sup{t : ut is strictly convex in Ωt} and suppose for contradiction that T < 1.
Claim 1. maxΩT |∇uT | is achieved at a point Q where det (uTij(Q)) > 0.
By (2.3), 1
WT
is superharmonic on the graph of uT so the minimum of 1
WT
is achieved on
ΓT , say at Q. Choose an orthonormal curvature frame {e1, . . . , en} at Q with en the outer
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unit normal. By the Hopf boundary point lemma, uTn (Q), u
T
nn(Q) > 0. Then u
T
nk(Q) = 0
and ukk(Q) = λk(Q)un(Q) > 0, k < n. Hence det (u
T
ij(Q)) = unn(Q)Π
n
k=2ukk(Q) > 0.
Hence Claim 1 is proved.
By the constant rank theorem of Bian and Guan (see Corollary 1.3 of [1]), the rank of
(uTij) is n in Ω
T by Claim 1. Therefore by the definition of T , we must have det uTij(P ) = 0
for some P ∈ ΓT . Again choose an orthonormal curvature frame {e1, . . . , en} at P with en
the outer unit normal. As above, we have
uTn(P ) > 0, and u
T
kk(P ) > 0, k < n.
Then,
(3.6) (uTij(P )) =


uT11(P ) 0 u
T
1n(P )
. . .
...
0 uTn−1n−1(P ) u
T
(n−1)n(P )
uTn1(P ) · · · uTn(n−1)(P ) uTnn(P )


and so
0 = det uTij(P ) = u
T
nn(P )Πk<nu
T
kk(P )−
∑
k<n
(uT )2kn(P ) Πl 6=ku
T
ll (P ).
It follows that uTnn(P ) =
∑
k<n
(uT )2kn(P )
uTkk(P )
.
Claim 2. The multiplicity of λ1(u
T
ij(P )) is one.
Case 1: uTnn(P ) = u
T
kn(P ) = 0, k < n.
Then uTij(P )ξiξj =
∑
k<n u
T
kk(P )ξ
2
k is minimized (|ξ| = 1) when ξk = 0, k < n and
ξn = 1. Hence the dimension of the eigenspace for λ
T
1 (P ) = 0 is one.
Case 2: uTnn(P ) > 0.
Then
uTij(P )ξiξj =
∑
k<n
(
uTkk(P )ξ
2
k + 2u
T
kn(P )ξkξn +
(uT )2nk(P )
uTkk(P )
ξ2n
)
=
∑
k<n
(√
uTkk(P )ξk +
uTnk(P )√
uTkk(P )
ξn
)2
,
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is minimized (|ξ| = 1) when ξk = −u
T
kn(P )
uTkk(P )
ξn and ξn = (1+
∑
k<n(
(uT )2kn(P )
(uT )2kk(P )
))−1. Thus
the claim is proven.
Since ΓT is analytic, uT extends to a solution of (1.1) in a small neighborhoodB of P by
the Cauchy-Kowalewski theorem. Moreover since κTi (P ) ≥ θ > 0 for i ≥ 2, κ1(P ) = 0,
we may chooseB so small that the smallest principal curvature κT1 (x) ofΣ
T = graph(uT ) :
x ∈ B is smooth.
Lemma 3.2. ∆Σ
T
κT1 ≤ 0 in ΩT ∩ B.
Proof. We use the Simons’ identity [10] for the Laplacian of the second fundamentalAT =
(hTij) form of Σ
T :
(3.7) ∆Σ
T
AT + |AT |2AT = (traceAT )(AT )2.
For a dense open set in ΩT ∩ B, we can introduce a smooth orthonormal frame {ei} of
eigenvectors of AT corresponding to the ordered principal curvatures 0 < κT1 < κ
T
2 ≤
. . . ≤ κTn (see Singley [13]). Then in this special frame, we can rewrite (3.7) as
(3.8) ∆Σ
T
hTij + |AT |2hTij = nH(hTij)2δij .
Let µ := f(κT1 , . . . , κ
T
n ) = F (h
T
ij) be any smooth symmetric homogeneous degree one
concave approximation of
κTmin = min
i
κTi .
For example, such an approximation is constructed in our paper [14]. Then using (3.7) and
a well known computation,
∆Σ
T
µ = F ij∆Σ
T
hTij + F
ij,rshTijkh
T
rsk(3.9)
≤ F ij (−|AT |2hTij + nHT (hTij)2δij)(3.10)
= −|AT |2µ+ nHT
∑
fi(κ
T
i )
2.
Since κT1 is smooth in Ω ∩ B and separated from the other principal curvatures, µ con-
verges smoothly to κT1 and f1 → 1, fi → 0, i ≥ 2 uniformly. Hence we have
(3.11) ∆Σ
T
κT1 + (|AT |2 − nHTκT1 )κT1 ≤ 0 in ΩT ∩ B.
But
|AT |2 − nHTκT1 =
∑
i
{(κTi )2 − κTi κT1 } =
∑
i≥2
κTi (κ
T
i − κT1 ) > 0,
and so from (3.11) we conclude ∆Σ
T
κT1 ≤ 0, completing the proof. 
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An alternative but trickier proof of Lemma 3.2, without using approximation, may be
given along the following lines [2].
Lemma 3.3. For a dense open subset of Ω, we have
∆Σ
T
κT1 + |AT |2κT1 = nH(κT1 )2 − 2
n∑
p=1
∑
l>1
(hT1lp)
2
κTl − κT1
≤ nH(κT1 )2.(3.12)
Proof. Taking i = j = 1 in (3.8) gives
n∑
p=1
hT11,pp + |AT |2κT1 = nH(κT1 )2.(3.13)
Since∇epe1 ⊥ e1 for any p > 1, we have
hT11,p = (∇ephT )(e1, e1) = ep(κT1 )− 2hT (∇epe1, e1) = ep(κT1 ).
hT1l,p = (∇ephT )(e1, el) = −hT (∇epe1, el)− hT (e1,∇epel) = (κT1 − κTl )〈∇epe1, el〉.
Then
hT11,pp =(∇2epephT )(e1, e1)
=ep((∇ephT )(e1, e1))− 2(∇ephT )(∇epe1, e1)− (∇∇epephT )(e1, e1)
=ep(ep(κ
T
1 ))− 2
n∑
l>1
〈∇epe1, el〉hT1l,p − (∇epep)(κT1 )
=ep(ep(κ
T
1 ))− (∇epep)(κT1 ) + 2
n∑
l>1
(hT1l,p)
2
κTl − κT1
.
Summing over p from 1 to n leads to
n∑
p=1
hT11,pp = ∆
ΣTκT1 + 2
n∑
p=1
n∑
l>1
(hT1l,p)
2
κTl − κT1
.
Inserting this back into (3.13) gives (3.12). 
Note that in graph coordinates (see [15]),
(3.14) ∆Σ
T
= (gT )ij∂i∂j + nH
uTk
W T
∂k.
Therefore κT1 > 0 satisfies(
(gT )ij∂i∂j + nH
uTk
W T
∂k
)
κT1 ≤ 0 in ΩT ∩B.
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Since κT1 (P ) = 0, the Hopf boundary point lemma implies that |∇κT1 (P )| 6= 0. Recall
that κT1 is analytic in a small ball centered at P . By the implicit function theorem, {κT1 = 0}
is a smooth hypersurface Λ passing through P . Moreover, Λ is transversal to ΓT at P since
uTkk(P ) > 0, contradicting that the rank(u
T
ij) = n in Ω
T . Thus T = 1. Repeating the
arguments we made above shows that u = u1 is a strictly convex solution in Ω. This
completes the proof of Theorem 1.1. 
Corollary 3.4. Let Ω be a strictly convex domain with Γ := ∂Ω ∈ C2 satisfying hΓ ≥ H
andH > 0 constant. Then there exists a unique solution u ∈ C2(Ω) ∩C0(Ω) of (1.1) with
u strictly convex in Ω.
Proof. The inner parallel surface Γε to Γ at distance ε has normalized mean curvature
hε =
1
n− 1
n−1∑
i=1
κi
1− εκi =
1
n− 1
{
n−1∑
i=1
κi +
n−1∑
i=1
εκ2i
1− εκi
}
(3.15)
= h+
ε
n− 1
n−1∑
i=1
κ2i
1− εκi ≥ h+
ε
(n− 1)2h
2 ≥ (1 + εH
(n− 1)2 )H.
By approximation of Γε from the outside, we may assume Γε is smooth. Thus we can apply
Theorem 3.1 to Γε = ∂Ωε and find a strictly convex solution uε of (1.1) in Ωε. By interior
gradient estimates [5], we can pass to the limit as ε → 0 and obtain a convex solution u
of (1.1) in Ω. Let u(0) = minΩ u < 0 and suppose that u11(0) = 0 for some direction e1.
Then u11 = 0 along a line L joining 0 to a point R ∈ ∂Ω. But then u1 = 0 on L and so u is
constant on L, a contradiction. Hence u is strictly convex in Ω.

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